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ITANEAAAAIKEL EZETAXEIX
1" TAEOX HMEPIZIOY I'ENIKOY AYKEIOY
KAI EIIAA (OMAAA B')
AEYTEPA 27 MATOY 2013 - EEETAZOMENO MA@HMA:

MAGHMATIKA OETIKHY KAI TEXNOAOI'IKHY KATEYOYNXHX

OEMA A

Al. Eote [ wa coveynie covipmon oe £va S1aoTn i [CL, B] Av G sivar g rapdyovod e

p
oT0 [Ct, B], T01e v, amodeifets OTL j f(t)dt = G(B) —G(OL).
Movdaosg 7
A2. Na dwtonecete 1o Oedpnua Meong Tyng tov Awgopiked Aoyicuov (O.M.T))

Movadss 4
A3. TTote Aépe 6T o ovvaptnon f sivar mepayoyiown o éva kKhelotd Suiotue [CL, B] OV
TeOIOV OPIGUOY TN,
Movadss 4
Ad. Na yopokmmpicets TIC TPOTAGELS ROV AKOAOVBOVY YpaPOVTUS OTO TETPASIO ouS Simhd GTO
YPAUUO OV GVTICTOWYEL o8 KGBe TpodTaom T AEEN LOGTO, dv 1) IPOTUCT £lvaL GOOTH , 1
AdBog, av n npotacy evatiaviacuevn.
o) H e&icoon |Z —ZO| =p,p >0 mapoTdvel TOV KOKAO LLE KEVTPO TO onueio K(ZO) Ko
KTV pz, OmovZ,z, wyadwol aptOpoi.

B) Avdim T(x) <0, 0t £(x)<0 kovid 610 X,

N doyver 6T |1]},LX| < |X| vy kabe x € R.

-1
owx—1_,

&) Ioywer 6T lim
Xx—0 X

£) Mt ovveyfic ovovapton [ Swwpei Tpdonpo o kabéva and Ta SicTAUETe 6T 0Toin ot

dudoyikee pilec me I ympilovv 1o medio opLopHOv TN,

Movadzsg 10
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AHAN THZEIE

Al. H amodeiln Ppioketon otig oerideg 334-335 1ov oyoiikov Bifiion.
A2. To Beopnua Bpioketul ot 6erida 246 Tov oyorkol Pifiiov.
A3. O opiopog Ppioketar ot ohida 222 tov oyorkod Piiiov. Ard: "H T sivon mapayoyioyun ...

LéEypt lim M eR "
xp” x—p

Ad o) A
B) =

7) L
3) A
g X

OEMA B
AeoPOovE TOVS WYUOIKOVS aplOUoDS Z Yit, TOVS OO0V IGPVEL (Z = 2)(2 = 2) + |Z — 2| =
B1. Na amodeilete 0T1 0 YeOUETPIKOS TOROS TOV EIKOVOWTOV LYASIKOVY Z, £ivil KOKAOC 1e
KEVIPO K(Z, 0) Kot axtive p=1.  (povadegd)
2T ouvEyeLd, Yo KOs yadikd Z mov gVITKEL OTOV RUPUETAVE YEMUETPIKO TOTO,
va arodeifete 6T |Z| <3. (uovadeg 3)
Movades 8
B2. Av ot umyadwoti apOpoi-Z,, Z, Tov ovi|KOUV GTOV TUPUIEVD YemUETpkd tomo sivar pilec tng
gficoons W +Pway=0, ne W myadicd apiBud, B, ye R ku |]m(z1 )—lm(z2 )| =2 1018 Vit
amoosifete ot f.="—4 ka1 ¥ =35.

Movadss 9

B3. Osopodis Toug pryodikovs aptipovg oy, o, i, 01 0TOiol GVIKOLY GTOV YEMUETPIKO TOTO TOV
gpoTUATOC B1. Av 0 1yadkog aptOudg v kavomotei m oygon: v’ +0sz2 +a,v+a, =0 1ot
va arooeilete OTL |V| <4,

Movadss 8
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AYZH:

B1.

B2.

(z-2)(Z-2)+|z-2|=2 < |z-2| +|z-2|=2= |z-2[ +]z-2|-2=0.

A=1"—4-1.(-2)=9

g R
|Z_ 2|1,2 2
|z - 2| =1, deKkTh
Emopévog M

|z - 2| = -2, amop.
Apa [z—(2+0i)[=1.

Apa 0 INTovUEVOS YEMUETPIKOS TOROC £ival 0 KUKAOS e kEvTpe K(2, 0) kot p=1.

T

pLY.
< lz-2|+2=1+2=3.

a3,

Ioyoel o |Z| = |Z =242

‘Eotwo z, =X, +y1, X,V €R ka1 Z, =X, +%,1, X,.V, € K. Eneidi o1 7,,Z, eivar pileg

mc eéiceonc W2 +Pw+v=0, us By R 017, 7, sivar cvloysic,

Apa X, =X, KULY, =-Y,.
Tote |Im(z1 ) = Im(z,_ )| :|y1 _(_yl )| =2|y,|=2.

v, =1
Apo 2|y =22 [wl=1<=1

W =]
Ouociewove Tov Z; GVIKEL GTOV TPOTYOVUEVO YEMUESTPIKO TORO, Gpot
apod
(x-2)+vi=le (x,-2) +l=lo(x,-2) =0ox -2=0cx, =2.
%171

n
y=-1

Eropévers 2, =2+1xuopaz, =z, =2-1.
Ouec tote 7, +7, =2+14+2 -1 =4 ka1 eneidfy z, +z, =—f Oa sivin P=4 = p=—4

Emmhéov 7,7, =(2+i)(2-1)=4+1=3 xarenaidn 2,2, =7, Ba égovpe 6T y=35.
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B3. A’ TPOTIOE
Toyber 6w Jo,| <3, |o| <3, foy|<3.
Av |v| £1, 1 amodeiktéa wydeL.
Av |v|>1 1618 1 Soopévn oygon yivetau:
3

V=, vi—ov—o, = |v|3 :|—C.L2V2 —ulv—a0| S|a2|-|V2|2 +|cc1||v|+|u0| 53|v|2 +3|V|+3.

3
M

3 3 3
Apa TS|V|2+|V|+1<:>ﬂ<—|V| 1 _lvl

3 -1 -1

3 3 ; .
ML= 1 Ly e <a

A0TSR i 3

B’ TPOIIOX
Toyber 6w Joo| <3, |ou| <3, foy|<3.

Eivar v° =—a, v’ —a,v—o, snopévec:

M =[otav? o ety | <oty ||V +{ot V] +eo | < 343} *3 (%),
Av vroBicovpe 6T V|2 4 tote:

|v| = 4|C<L:;)>13 |V|3 = 4|V|2 = 3|\/|2 +|v||v| 23|V|2 +4|v| = 3|\/|2 +3|v|+|v| 23|V|2 +3|v|+4

= 3|v|2 +3|v| +34+1> 3|V|2 +3|v|+3, PAyUO WOV £ivol dTomo, AOYm TS oyxéong ().
I'” TPOIIOX

Ioybet o [og| <3, |ou <3, o, [ 3.

Eivar v° = —a, ¥ S,V — 0, smopévoc:

M = |0L2v2 +0L1v+cc0| <ot [ +ew [+ < 3] +3[v]+3.

Ape <3 43 +3 = M -3 -3]v]-3<0.

@cepovpe m ovvipmon f pe £(x)=x"-3x"-3x-3 x24.

H f eiva mopayoyioyn oto [ 4,+), g mokvovouxi, pe

£'(x)=3x* ~6x-3=3(x’ —2x—1)=3(x2—2x+1—2)=3[(x—1)2—2]
Opoe x4 <x-123,

Apa (x-1) 29 & (x-1) -227 =3[ (x-1) -2 221>0.
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Emopéveg vio kdbe x e |:4, +oo) 1oYDEL f’(X) =0

Apan T sivon ywnoioc avZovoa oto didoTnue |:4, +oo).

agod £

Av vrobicovps 6T |v| >4 = f(|v|) = f(4)

i,
<M =3 -3v|-324°-3.4* -3.4-3

<M =3[ -3]v]-321, drono 16 govpe anodeiter ou v —3[v[ -3[v|-3<0.
Apa vrogpeotikd |v| < 4.

A" TPOIIOX

Toyber 6w Jo,| <3, |o,| <3, foy|<3.

Eivor v = —a, v —a,v — o, emopéves:

M = feev® oy g | < oy ||V o [V + et < 3 +3]M]+3.

Apa M <3 +3M+3 <M -3 -3v-3<0 ¢

Kavoops m uripson ([v]' =3[ =3]v{~3): ([y|44), e m Bori6siat tov

oynuatoc Homer:

1 3 3 3
4 4 4| 4

111|fu

AR TELTOTTA MUIpEGNSEYQULE OTL

M =3V -3[v]-3 =(|v|—4)(|v|2 +|v|+1)+1.

Amo ) oyean (). tpoxvretl 0T

(M —4)(|v|2 v +1)+1 <0 ( —4)(|v|2 +M +1) <-1<0

Ko gmewdny [V +[v|+1> 0, apob eivar Tpidvopo v [v| pe Stakpivovoa apymu,
B gxovpe ot [v] -4 <0 <[y <4

E" TPOIIOX

Ioyver 6T |u0| <3, |u1| =3 |OL2| <3.
Eivar v’ =—a, v’ —a,v— o, enopévec:

|v|3 :lor.:,_v2 +V +0L0| Slcc2||v|2 +|cc1||v|+|or.0| S3|V|2 +3|v|+3 <3|v|2 +3|v|+3 +1.
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Apa |v|3 < 3|V|2 +3|v| +3+1.
Emouévog |v|3 < 3|v|2 +3|v| +4 <:::>|V|3 —3|v|2 —3|v| —4<0 (*,%)
Kdévooue t daipeon (|V|3 —3|V|2 —3|V| —4) : (|V|— 4), Le ) PonBew

oV oyfuatoc Homer:

1 3 3 4
4 4 4| 4

111|0_:u

AR TV TELTOTNTU TS Stipecns Exovue OTL

M =3[ -3 -4= (|V|-4)(|v|2 +M +1).

Ady® g oyEong (*,*) éyovus OTL:

(M=4)(|" +M+1) <0 xar erewdn v +]v|+1>0,
apo® sivor TpdVLRO ToL |v] pe Swikpivovca apynTik;
B gxovpe ot [v] -4 <0 < |v[< 4.

LT TPOIIOX

Ioyber 6T ot | <3, |o,| <3, fo,|=3.

Eivor v = —a, v —a,v — o, smopévog:

M=o,y + v+ oty < o [ et | [v] +ot | < 3y +3v]+3.

Apa M <3 +3M+3 M -3 -3v-3=<0.

Kévooue ) Sitipson (|v|3 —3h[ -3|V|-3) (M-3). e poipew

oV oyuatec Hormer:

1 0 -3 |-12=u

ARO TV TELTOTNTA Swipecmg £xovue OTL:

M~ v =3 -3=(M-3)(M -3)-12<0.

Apa (M-3)(M -3)<12 ()
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Av |V| =4 tote:

[V[-321
Ko — (|v| —3)(|v|2 —3) =13, dromo Aoy TS oxEone (1).
v =3=13
v

Apa VTOYPEOTIKA |V| <4.

Z” TPOIIOX

Ioyoet 6T Jos| <3, |o| <3, fay| 3.

Eivar v* = -, v —0,v — o, smopévec:

M =[otav? + v ot | < oty | v+ ot | [v] et | < B[ +3]v]+3.
Apo M <3 +3v[+3 @)

Av |V| 24 tote ) (2) yivetou

Apa 1< %, TPAYLILA TOV Eival ATORO.

Apat VTOYPEOTIKA |V| <4.

H TPOIIOXL

Ioyoer o |a0|33, |cc1|$3, |0L2|33.

‘Eote 61 |V|24. Toze:

Vi, v rovta, =0 a, =V - vz—uv:|u |= Vvi—a v —av| e
2 1 0 0 2 1 0 2 1

|0L0|=|V3 Fa,v? +0L1v|<:>|a0|=|v(v2+a2v +u1) >

=|v]- (v2 +OL2V) +a,

2 (7 + ) o) = (b v+ ) fou ) = (vl + s s )
b V] [(|v|(|v| —|u2|)—|ul|)} 2 4[4(4—3)—3] =4(4-3)=4, mpéypa wov sivor GTomo,

VLG,

OoTL amd vrdBeon |u0| <3.

Apa vVTOYPEOTIKA |V| <4.
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Ioyver 6T |u0| <3 |cc1| <3 |(12| <3
‘Ectm o1t |v| =4, Tote:

3 2 3 2 3 2
v +U.2V +CLIV+U.0:0C>V +C€2V =—0, V=, 3|V +C€2V |:|—CLIV—U.0|<:>

|v3 +u2v2| = oy +o| <:>|v2|-|v+a2| =|ov+ay| <:>|v|2-|v+u2| =l v+a,|. 3

PV, agoh |V|24
>16

VLG,

AMG M v+, 216[v +a,

[v]~]ow |

|y |3
LY.

Emmhéov |ulv+a0| < |0L1||v|+|u0| S3|v|+3. &)
[{AL RN

Eropévog and tic oytosig (3), (4), (5) £xovue Ot

16(|[v]-[3|) <3|v|+3 = 16]v| - 48 <3]v|+3 = 13|v| <51 = |v|s% pdrype oV

——_ 5 2 sl ; Bl
£lval ATOMO, O1OTL ard VOOeo) |V| Z 4, evéy E =3,92 <4,

Apo. vrogpeoTikd |v| < 4.

I' TPOLIOX

Ioyber 6 ot | <3, |ot,| <3, |o,|=3.

Eivan v¥ =—a,v* —a,v — o, snopévec:

IV =[aa? e o | < o [V o [v] +ot | < 3] 3]V +3.
Apa M <3 +3[v][+3 (6)

Av |v| 24 1612 (6) yivetat:

M -3[vf< 3(|V|+ 1) = v (|V| _3) = 3(|V| +1)§§0
3([v|+1)

2
<=1

Kol gmeon 16 < |V|2 \

Ba Eyovue OTL
3 3(|V]+1) oot

_M—_3|V|<:3>>016(|v|—3)33(|v|+1)<:>

16|v| —-48 < 3|v|+ KR 13|v| <S5l |v| < % <4, mpayuo TOL gival ATORO,

> =16(|v|-|a,]) 216(]v]-3). @
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apo® &xovpe vobicsr ot |[v| = 4. Apo vroypswnikd [v| < 4.
I'a. TPOIIOX

Ioyber 6 ot | <3, |ot,| <3, |o,|=3.

Eivaw v = —a,v: — v — o, smopévec:

M =[otav? + v ot | < oty | v+ ot | [v] et | < B[ +3]v]+3.

Apa W <3 43+ 3 M -1<3(M ++1)-1=

(M-1) (b M+ 1) <3( 1)1 =

MZ +M+1>0

3

v-1<3- e
|V| +|v|+1

o |v]-4<

|V|2 +|v|+1
Apo [V[-4<0 < |v|<4.
I'B. TPOIIOX

Ioyber 6 Joty| <3, |oy| <3, foy|=3.

Eivar v° = —a,v* —a,v — o, emopévec:

M = |ev® + e,y + | <oty | [v] + o |[v] +o| S 3] +3]v]+3.

Apa M <3P +3[v[+3 <3 +3[V[# 3+ pe ae(0, 1).

Apo. M =3[ =3 -3—a €0-(7)

Kévouue ) duipson (|v|3 =3[ -3 -3-a) :(M=4). pe ™ Porosuw

0V oyjuatoc Homer;

1 -3 -3 -3-a
4 4 41 4

111&2'0

AR T ToTOTNTR TS Sipeong exovue Ot

M -3Mf —3|v|—3—u=(|v|—4)(|v|2 +|v|+l)+l—cc.

Adyo e oygong (7) Eyxovue Ot
(|V|—4)(|v|2 +|v|+1)+1—a< 0<:>(|v|—4)(|v|2 +|v|+1)<a—1 <0, apov a<l.

Enrounévec (lvl— ﬁl)(l\/l2 +|V| + 1) <0 (8

ZeAida 9 KANAKOYAIAZ I'TANNHZ. MAGHMATIKOZ.
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Al ) TepdoTacn (|V| +|V|+l) givo TpdVL PO TOV |V| ue A=1*-4.1.1=-3<0,

omoTE |V|2 +|v| +1 > 0. Zoverdg arnd T oyxeon (8) apokdatel 6T |v| -4<0 <:>|v| <4,

OEMA T

@zopovus Tig cvvapmioeis £.g R - R, pe f mapoyoyioym, ttotg dote:
o (F(x)+x)(f'(x)+1)=x, nuxdbe xelR
o f(0)=1 ko

3x?

I'1l. Nu amodeifete Ot f(x) =Jx*+1-x, xe R

I'2. Nu Bpeite to mifboc tov apaypatikdy pillodv me séicnons (g(X)) =1.

I'3. Na anodeifete 6T1L vUapyst Tovhiyiotov Eva Xy, € (0, Z] TETO0, MOTE

0
[ =
X, —

Ty

f(t)dt = f(xo —%Ja(pxo.

AYZH:

Tl (fx)+x)(f'(x)+l)5x < (f(x)+x)(f(x)+x)’ ={X72] e

% 2 2 2

{(f(x)ﬂ)z J :[X_] o [+x)

f(0)+0) 02 w0
Lo x=0 &yovpue M=O—+c = l=c.
2 2 f(oy=1 2

(f(x)+x)2 _x'+1

Apa =
4 2 2

<:,>(f(x)+x)2 =x"+1 (*)

Movaoss 9

Movaoss 8

Movadss 8
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®a amodeifovue 6TL 1 cuvaptnon f(x)+x dompei otabepd mpdéonuo. H £ (X) + X sivon cuveyng
oto R og dbpowopa ovveydv. Eotm 6Tt vrdpyer X, € R této10, dote (X, ) +x, =0. Oftovpe
otnv (*) OmoL X 10 X, OMOTE! (f(xo)+x0 )2 =x+1 ©0=x;+1 < x2 =-1, apdyne Tov

sival ATOmO.

Apa vy kdbe X € R woyvet f(x)+x#0 kot semopévaog n covaptnon f{x)+x dwnpei otabepd
TPOHoNLO.
Ounog f(0)+0=1>0, dpa yx k@s x € Rioyder f(x)+x > 0.

Emouéveg n oygon (¥) yivetot:

f(x)+x=Vx’+1 < f(x)=vx"+1-x, xeR.

I'2. H f eivon mapayoyiown oto R pe f(x) = X 1 =XETN¥% +1

JxP+1 Xl
Fote x-vx’+1 <0< x<yx*+1. (1)

Av x <0woyber n oygon (1).

Avx =0 1otE 1) oygon (1) wodvvapel pg vy x° <x* +1 <0< 1, mov 1oywst.

Apa yie kG0s X € R 1oyt X —yfx-+L% 0 kot eme1dn v k60s X € R 1oydet V2410,

Ba eivan £(x) < 0 ko Gpa £ eival yvnoing edivovoa oto R kot emopévog nf sivon <1-17,

agoh

Aro vrobson f(g(x))=1 <1 (e(x) =1(0) s?lg (X) =0.
®a Ppovue To GHvoLe. TOV TIUOVY TS 2.
H g sivar adpayeryicun oto R, o¢ molvovoukn, ue g'(x) = 3x* +3x = 3x(x+1).

Eotog(x) =0 (x=0nx=-1).

x |—o0 -1 0 4o
g (x)| + 0 -0 +
FOIE AN

T.JL.  T.EA

. 3(-1)° 3
Eivaw fim g(x)=-w, g(-1)=(-1)’ +T_1 =—2+ =3

Zedida 11 KANAKOYAIAZ I'TANNHZ. MAGHMATIKOZ.
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3-0°
Eivar g(0)=0%+

—1=-1.Apa g([-1 0]){—1,—%}.

Eivor (im g(x)=+c0. Apa g([0,+oo)) =[-1L+=).

X—3+e0

H mpn 0 avikel novo oto g([O, +oo)) = [—1, +oo) KOl £TE10N 1) g eivadl Tvnoieg avouen,oTo
[0,4<0), n &icwon g(x)=0 éxst povadikih Mvon 610 (0,+0)(Eivarg(0) = -1 %0,

ordTe 10 0 Bev sivon Moon e séicwong g(x)=0).

I'3. A" TPOIIOX

®csopovue ™ ovvdpmmon h pe h(x) =nux- j f(t)dt, xe [O, %}
0
H ovvapmon [ sivon ovveyic oto R, o¢ napayeyioun oto R.
Apan If (t)dt eivar mapayoyioun oto-R. Ouwmg kain X—%SWOU. Tpayeyicun oto K, og
]

T
X——

TOAVDOVOLIKY. Apd 1) _[ f(t)dt eivelt ropayoyicyun oto R, ©¢ovVOeoN RUPAYOVIGILOV.

Ouemg kol nnux sivon gapaymyiown) oto R kar erouévere n h sivar mapayoyiown oto R,

®C YIVOUEVO T PUYOYIGILOY.

Apan h eivar ~agpayoyioun 6to [O, % :

T

4 0
Bivoa 11(0) = mu0 [ £(1)dt =0 xan h(% =np,%_[f(t)dt=0 .
] 0
Apa h(0)= h(%J Kol ETOoUEVAS atd To Bedpnua Tov Rolle Oa £yovue

; ; ; ; ), ; ’
dTLVIApPYEL Eva TovhdyioToy X, €| 0, " tétoro, dote h'(x,)=0.

KANAKOYAIAZ I'TANNHZ. MAGHMATIKOZ. ZeAida 12
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T
T

AN h'(x)=cvvxe [ £(t)dt+nu f(x—%J
0

T
xu—f

Apa h'(x,) =0 < covx, j d‘[+m,tx0 f(x0—§j=0<:>

o F
e
4

nux, .f(xo —%J =—-owX, I f(t)dt
0

i T
®pob x, E[O, —] X~ 0
4 e

4
= acpxo-f(xo—zj=— f(t)dt<:> acpxo-f[xo——J= jf(t)dt.
0

sival ooV, #0

B’ TPOIIOX

0
®sopodUe TNV GUVAPTNON P UE p(x) = j f(t)dt—f[x—%}scpx 1 omoia siva cveERNg oTo

7
X——
4

. L ’ ; , ; ,
SuoTnue [0, Z} oD TPOKVTTEL AR APAEELS GUVEYDV.

0
Toyvet 6u p(0)= [ £(t)dt— f[——}cpo j t)dt>0 &wn _Z<O
-

4

{tpod
(Eoto Vx*+1>X & X" +1>x" < 1>0, mov wyvet, dpa Vx' +1-x>0 £(x)>0),

x=0

0
Emmiéov p[%}=jf(t)dt—f(0)3(p%=—l <0,

0

omoOTe oo To Ded@pnua Tov Bolzano vrdpyst £va Toviayotoy X, € (O, Z] TETO10

p(x,)=0= j £(t)dt— f(x —Z}(px =0 j t)dt= f(x —Z}(px

H— g oI
0 0
4
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Opovnopakos /,

& Opyavicpuo. 7
] AATYIG“OL,/
®EMA A

‘Eoto [ (0, +oo) — R o mopayoyiciun cuvapmon vid TV 0Roid 16 uouy:

o Hf’ sivar yvioing avéoveu oo (0,+0).

o f(1)=1.
. Cimf(1+5h)—f(1 h)=0
h—0 h

Ocopovps eriong T cvvapmon g(x)= ij(t—)l_ldt, xe(L+0) kot a>1.

Na amodeilete Ot
Al [ '(1) =0 (novadeg 4) kabdg erione n I mupovcialel ehayoto ot X, =1. (Hovadeg 2)

Movadss 6

A2. H g sivan yynoiong avovoa (povides 3), Kal oTn SLVEYEL, Vi AOGETE TNV

8x? +6 2x*46

avicmon oto R I

8x%45

( )du (Lovaoeg 6)

Movaoss 9

A3. H g eivon kopth, kabhg emione 0t n eicoon (u—l)j; f(t)_l dt = (f(a)—l)(x—a), x>1

t—1
Eyel akpoc wa doon.
Movadsg 10
AYXH:
AL AR vtolson n [ elvon mopayoyiowun oto 1.
f(+h)—f£(
s, P = M
h
Eoto h#0. Tote:
KANAKOYAIAZ I''ANNHZE. MAGHMATIKOZ. YeAida 14
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A2.

Opoviomnplaxkos /,

& Opyaviopoc /—
/
7\.0y10u0g;

V) |
f(l+5h)—f(1—h) _ f(1+5h)y—f()+£(1)—f(1-h) " f(1+5h)—1(1) 4 f(-h)—f£)
h h 5h ~h '
= u=5h fil —f(l
Opoc ﬁmFM} — fim|:5M:| =5£(1) .
h—0 Sh ua(’) u—0 u
g
— — w=-h —
Emumhéov [’imw = f“imw=f ‘(1.
h—0 —h ‘smg)u?g w—s0 W
h—0

sior £+ 50) —£(1—h)
h—0 h

Apa =5 () +f'(1) = 6£7(1)

KoL £medn £im f+3h) —fd-h) =0, Oa £yovps 616 (1) =01 (1)=0.

h—0

agod {7

Av 0<x<l = (X)) <)< f'(x)<0.
V. aDE.

agod '

Avx>1 = f'xX) > (1)< f'(x)>0.
Tv.ané.

Y0YKPOTODUE TOV TUVIK®L:

X |- ( 1 490
rofll -0 +
f(x) |
T.Eh.
agob £

Av 0<x<1 = {2 Q)
.8,

agon T

Av x21 :>§ fi(x) = £(1). Apa v 1€dBe x > 0 woye £(x) = (1) =1, ondte 1 f mapovcriler
Fv.and
ghiy16To,010 1, TO omoio 1wovTaL pe 1.

H cuviapmon f(LIl glval cuveync oTo (0, +oo), ®¢ TNAIKO coveOV.
f(x)—1
—

Apd n g eival Topayoyiciun 6to (O, +c>o), ueg'(x) = ;

Av x>1 1018 f(x)>1.
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Opovnopakos /,

: 7\.0)/10;10; /4
f( x=1 >0 < g'(x)> 0.
x—1

Apa 1 g elvar yvnoiog avfovca 6To (1, +oo).

X+l
®czopodue v h ne h(x)= I g(u)du, x>1.
X+l X+l

Toéte h(x) = I g(u)du+j g(u)du = j g(u)du —]E g(u)du.

2

H g eivar ovveync oto (1, +oo), apam j g(u)du giva Topayoyiciun oto (1, +oo).

2

X+1
Emumhéov ) x+1 sivon mopayeyvion) oto R, o¢ moinavipukn,, apd 1 I g(u)du sivar
2

TLPAYOYIGUN OTO (1, +oo), ®C GOVOEST] TOV GLVAPTI|GEDY Ig(u)du Kot x+1.
2

Emopévec n h eivar mepayoyicun oto (1, +oo), & OPOPH TAPAYOYIGIUOV UUE
h(x) = g(x +1)—g(x).

agod g
Ouog x <x+1 =, g(x)<g(x+ )= gx+)-g(x)>0<h'(x)>0

V. a0,

Apa n h givan yynoiocadiovca cto (1, +oo).

Fivon 8x°4 5o Fron 2x* 45 > 1, omdte 1 Soouévn avicwon viveto ;

KANAKOYAIAZ I'TANNHZ. MAGHMATIKOZ. ZeAida 16
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A3. A" TPOITIOL

Opoviomnplaxkos /,

Opyavicpoe «‘“—',-
a4
: 7\.0y10u0g;

agod nh
h(8x*+5)>h(2x'+5) = 8 +5>2x'+5o 2x'+8x* >0 = 2x(x* -4)>0 =

givar vv.avk.

XZ(XZ _4)<0. \J Avitav 8 +5<2x' +3 = ]’1(8}(2 -¥-5)<1’1(2X4 +5), TpaypLe IOV Eivar dToTo,
\ h v avg
xleo 2 0 240 | Btéuanﬁunéewnh(gxz +5)>h(2x4+5).
2+ |+p+ ]+ \' opiojiée
)(24 + q | - ? * Avimoy 8x° 4+5=2x"+5 = h(8x2+5)=h(2x‘ +5),npc1wanousivmc1wno,
= cuVapTNoNG
FWOIJ'SVO * ?-? _9 L d161 omd vrdhson h(SXJ +5)> h(ZXj +5).
Ape vnogpeonkd §x° + 5> 2x* +5.
APCL xe (_2 0) U (0 2) H Sisvkpivion aot £five 8161 amd Tov opLopd ™S ywmoing abéovoas npokbnte 6t
-4 34 * 9 2 2
8x?+5>2x2+5= h(8x’ +5)>h(2x’ +5)
K01 01 TO GVIIGTPOPO, IOV EUELS Y PELUiONACTE GTO CDYKEKPILEVO EPOTNILA.

P —1) - (Fx) 1)
(x-1)? |

H g’ sivou mopayeryioym oto (1,400), pe g"(x) =

®a amodeifovue 0T o Kb X € (1, +oo) 1GYVEL g"(X) 0.

Eredf (x—1)" >0, apxsi 7o k60e x & (1 +00) vor toydet 6T :
agoh

FEx=D=(f(x)=1)>0 = Fx)ex—h 3£~ () & £(x) >—f(x)_f(1) )
f(1)=1 x=l X —

H £ eivar cuveynic oto SGoTue [1, X] KO TAPAYOYIGLUN GTO (1, X) Apa and o Ded@pnua

fx)—1f(1
uéong e Be vdpyeL € &(1, x) tétoto, dots 1'(€) = Ll()
X_

agob £
Oumg £<x :>§ (&) <f'(x).

gk,
Apd toywern (1) kol emopEvmS 1 g sivdl KupTn.
H spamtopévn ng G, oto a &g elicoon:

, fla)—1 fla)—1
y-g@=g@x-0)=y-0=1B gy y= IO (g

Opemgn g sivon kopth. Apa yia kdde X > 1 1oydet g(X) 2y, He THY 100TNTA VL 16Y0EL Vi TV

TETUNUEVH TOD GNUEIOD ERAPNC, ONAiadn Yo povo yio X=a.
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Apa 1 povadukn piCa e edicmone g(x)= f(a—)Il(x—a) =
a p—

(u—l)g(x)=(f(u)—1)(x—a) gﬁ ( —I)J.f(ttzI (f(u) 1)( )swmroa

e .[f(t) 1

a

B’ TPOIIOX (vue v &licmon)

Ereidi g I&d‘[ x>1 a>1 sivan g(x)_%jg’(u)=f(u)ll,
X_ (1_

orno1e 1 elicwon (a—l)jf(:%dt = (f(a)—l)(x—a) YPAQETAL 16000Vaa MG EENS:

]if(t)—ldt:f(ot)—l
t-1 a—1

a

(X—a)<:> g(x)=g’(u)(x—a). 6]

aQob

Io x=a noygon (1) yivetar: g(a)=g'(a)(a—a)< 0=0.

5(o)=0
Apa to o sivan pila Tng doouevmg elicwong .
®a amodeifovue 6T N pile avTh eivim, LOVASIK.

AgvmoBecovue 6T 1 egicoon (1) £4el ko devtepn pila fp ue P> .

Tote amd v (1) Tpoxvmet 6T g(B) = g’(u)(B —a)ﬁ‘gf g'(u) = w. )
>0 KUL —a
g{a)=0

Ereion g sivan Ropayoyioun oto (1, +c>o) dapa Kol 6TO [a, [3] c (l, +oo), amd o Dedpnua

péans T vidpyet & € (a, B) oo dote g'(§) = g‘(Bé;g(a). 3)
—a
agod g' yv.aug.
Amo6 Tig oygoeig (2) kat (3) mpoxvater 6T g'(@)=g'(§) <=  a=&, mpdypc mov sival GTomo,
onbte g'l-1

apol o <& <. Ouota kuToAnyou e G GTOTO av VIOOEGOVUE OTL 1) docuevn) e&icmaon £xet Kot

oevtepn pila B pe P < a. Tehkd n doouévn elicoon £xel novadikn pila o o.
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Gpovnotnplakds /

L Opyavicpoe -‘“'—',-'
a4
: 7\.0y10u0g;

I'" TPOIIOX (7w v £licomon)

Eivanw g(X)=J-4df(tt)Il t, x>, a>1. Tote g’(X)=w:>g’(u):f(a—)Il.
— — a_
y " (-1
®sopole T CVVAPTNGN P Ue p(x)=(u—1)_‘-—dt 1 t—(f(u)—l)(x—ot), x>1 a>l.

o

Tote p(u) = (a—l)j&%dt—(f(a)—l)(a—a) =0.

Apa o a givar pila g eicoong p(X) =0, 1 omoiu e€icmon eival 1l0odHvaunLe TN SocUEVN
eicomon. Apa 10 a sivor pila ™S docUEVNS eEicmaTc.

H ocvviptnon p eivon mapayoyiciun oto sSidotnud (1, +oo), O1OTL IPOKVTIEL A0 TPAEELS
TOPUYOVIGILOV, UE

p’(X)=(“—1)‘—fE§X_)l_l

f(x)=lo Fa)-1

—(f(a>—1)=<u—1>[ > }(u—l)(g’(x)—g'(a))-

x—1 a—1

s atpclj g' ’ ’ ’ ' A ’ 7 _ 7
i Am ] TR ug"t-o‘“(’:f-)m)g (x)<g'(a)= g (X)-g' (o) <Oxau emedn a—1>0, Bo sivar

p'(x)<0.
Apo 1 ovvdpthon p stvadilynoing ebivovod oto dutompe (1, of.

Eote 6un s&isoon p(x)=0 &gt pita Pe(l, o). Tote:

apob p apod

l1<B<a~="p(B)>p(a) (:)> 0> 0, mpdrypo o ivon GTomo.
.oy, p(p)=0
o0 (1,0]

Apt n eicoon p(X) =0 oev £ye1 pila oT0 dSdGTUN (1, OL).

i. Av x>« mi}g g'(x)>g'(a)=g'(x)-g'(a)>0 xauwenedn a—1>0, Ba givar p’(X) > 0.
Pv.avé.
010 (1,+w0)

Apa 1 oovdpnon p elval ywnoing aviovcd 6To ddoTnua [, +oo).
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‘Eoto 6T 1 eicoon p(X) =0 &gz pila v e (u, +oo) T01E:

agob p agob
y>a = p(y)>p(a) = 0> 0, mphyua Tov £ivar GTomo.
Tv.avk. pv)=0

oTo [, te0)

Apa 1 eicoon p(x)=0 dev &gt pila oto SrdoTnpe (o, +o0).

Tehka o o eive n povadikn pilo g p(X) =0 oto0 (1, +oo),

pila ¢ docuevng edicmanc,

OmOTE TO o £Vl 1] LOVAOIKA
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